arXiv:1508.01313vl [math.DS] 6 Aug 2015 


A NOTE ON ECKMANN-RUELLE’S CONJECTURE 


FERNANDO JOSE SANCHEZ-SALAS 


Abstract. We introduce a class of isolated nonuniformly hyperbolic sets A for which 

sup^g^^ — X”*'(A‘)} equals the rate of escape from A, where the average of the 

sum of positive Lyapunov exponents counted with their multiplicity. 


1. Introduction 

Let A be a compact /-invariant isolated subset, that is, there exists a neighborhood U con¬ 
taining A, such that A = The rate of escape of A from U is defined as 

(1) /9(C/) :=limsup2log(Vol(C/m,)), 

m—¥-\-oc ^ 

where 

Um = {x € U : /^(x) S U for fc = 0, • • • ,m} 

is the set of points in U which stay in U up-to its first m iterates. 

It is well known from the thermodynamics of Axiom A systems that the rate of escape 
from a suitable small neighborhood C/ of a topologically transitive isolated uniformly hyperbolic 
set fl equals the topological pressure of the unstable potential (/>“ = — log( Jac(U/|£’”): 

pim,r) = piu). 

See [3]. By the variational principle for topological pressure 

4P) = sup {h{p) - x"{p)} = P{U), 

f 

where 

X^ip)= X Xi{x) dim{E,{x))dp(x) 

Xiix}>Q 

the average of the sum of positive Lyapunov exponents counted with their multiplicity. Also 
by the thermodynamics of Axiom A systems there always exists a unique ergodic Borel 

probability p, = which is an equilibrium state for (fp and therefore 

Kp)-x'^{p) = p{U). 

Numerical evidence and heuristic arguments suggested that this property holds for general 
isolated compact /-invariant subsets (see [2]) leading Eckmann and Ruelle to raise the following 
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Conjecture Let A C M be a locally maximal compact f -invariant set of a smooth diffeo- 
morphism of a compact Riemannian manifold and suppose that there exists an ergodic measure 
p such that 

(2) hip) - (iJ-) = sup -x+M}- 

Then hip) — x^ih) = Pi^) the rate of escape of a sufficiently small isolating neighborhood U 
of A, 

See [5]. An extreme p of the variational equation ([5]) is known as a generalized Sinai-Ruelle- 
Bowen (SRB) measure. See [15]. It is not known how generally the conjecture holds beyond 
systems satisfying Axiom A. Eckmann-Ruelle conjecture has been proved for uniformly partially 
hyperbolic diffeomorphisms Julia sets of rational maps of the Riemann sphere |5] and certain 
billiars and so called open systems in 0 , 0 , 0 , m- We refer the reader to |5] for a review of 
the problem. 

In [2] Baladi, Bonatti and Schmitt constructed a nonuniformly hyperbolic counterexamples to 
Eckmann-Ruelle’s conjecture, that is: compact invariant nonuniformly hyperbolic locally max¬ 
imal set A with an isolating neighborhood U and an ergodic (unique) non atomic hyperbolic 
measure p such that A = supp p, 

piU) = 0 and hip)—x^ip)= sup [hiv) — x^ iv)] < 0. 

vGMf 

The example is made from a plug of the eye-like Bowen example into an uniformly hyperbolic 
repellor Aq after blowing up a suitable fixed point xq G Aq. Then they insert into the blow up a 
configuration Ai of finitely many hyperbolic fixed points with saddle connections including a copy 
of a well known Bowen’s example made of two hyperbolic fixed points with saddle connections 
in a eye-like form. However the invariant set formed by the two separatrices in Bowen’s example 
do not support an invariant measure so, in principle, it does not gives a counterexample for 
the Eckmann-Ruelle conjecture. Then they handle the plugin in such way that po the unique 
generalized SRB measure for Aq extends to a non atomic ergodic measure p with support A = 
Aq U Ai which is also an SRB measure for A and hip) — x'^ip) < 0- 

We will prove that, except for this type of examples, Eckmann-Ruelle’s conjecture holds for 
regular nonuniformly hyperbolic sets. 

Definition 1.1. Let A be a compact /-invariant nonuniformly hyperbolic set of a diffeo- 

morphism of a compact manifold. We say that A is a regular nonuniformly hyperbolic set if A is 
isolated and there exists an increasing sequence of basic sets A„ C A such that: 

(1) A = U„ A„ and 

(2) U = 1J„ Un is an isolating open neighborhood of A, where C/„ C Un+i is an increasing 
sequence of open isolating neighborhoods of A„. 

We call such a sequence a regular exhaustion of A. 

Theorem A Let A C AI be a regular nonuniformly hyperbolic set of a dijfeomorphism. 

Then, 

(3) sup {hip) - x+(/j)} = piU). 

USM f 

All known nonuniformly hyperbolic sets which are known to verify the Eckmann-Ruelle con¬ 
jecture are regular. See 0, El, 0, m- We conclude from Theorem A that if A is a regular 
nonuniformly hyperbolic isolated set and it supports a nonatomic generalized SRB measure then 
it satisfies the Eckmann-Ruelle conjecture. Theorem A follows from definition 11.11 and the fol¬ 
lowing 
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Theorem B Let A be a regular nonuniformly hyperbolic set of a diffeomorphism of a 

compact manifold. Then, 

(4) sup {h{p) - x+(/i)} = sup p{Uq), 

tj.eMfiA) new 

where A4/(A) is the set of f-invariant Borel probabilities in A, Tl is the family of basic sets 
LI G A and p{Uq) denote the rate of escape from a small isolating neighborhood Un ofLlGTl. 


Proof of Theorem A. Let A„ C A be a regular exhaustion and {/„ the corresponding isolating 
neighborhoods. We shall prove that: 


(5) p(C/) = supp(C/„). 

n>0 

First we see that (O proves Theorem A. By the Theorem B 

p{U) = snp p{Un) < sup p{Ua) = sup {h{p) - x+(ai)}. 
n>o new fj.eMf(A) 


Therefore, p(U) < sup^g^^The inequality p(U) > sup^^j^^{h(p) - x~^(p)} 
follows from L.S. Young ’s[n] results. 

To prove ([5]) we first notice that C/l™) = implies = sup„>Q Vol and 

then, as Volt/n™^ < Voiuj^’^l for every n > 0, 


limsup —log(Voll7(™)) > 

m^+oo ^ 


lim sup — log ( sup Vol ) 

m—^+oo \n>0 / 

lim sup — sup log(Vol ) 

m—^+oo ^ n>0 

inf sup y sup log(Vol 

^ n>0 

inf sup sup ylog(Vol 


Let US denote 

FM = supilog(VolC/W). 

fc>m ^ 

Then, p(Un) = infm>o Vn’^K Moreover, let 

l/M = sup Log(Vol [/('=)). 

k>m ^ 


Therefore, 


Hence 


F(™) = sup Hi™) > sup inf = sup p(C/„), V m > 0. 

n>0 n>0 

p{U) = inf W™) > supp(C/„). 

m>0 „>o 


Now let e > 0 small and choose, for every n > 0 an integer m„ > 0 such that 

(6) < inf + e V n > 0. 

m>0 
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Then, for every small e > 0. 


p{U) = inf 

m>0 

= 

inf sup Hi™) 

m>0„>o 


< 

sup Hi™") 

n>0 


< 

sup inf Hi™) e 

„>0m>0 


= 

supp(17„) -1- e, 

n>0 


and we conclude that 

p{U) < supp(C/„). 

n>0 


□ 


To prove of Theorem B we use the following 

Proposition 1.2. K he a nonuniformly hyperbolic compact f-invariant set. Suppose in 

addition that there exists an increasing sequence of basic sets A„ C A such that A = lJj^A„. 
Then, for every continuous ft 

(7) P(/|A,</))= supP(/|ff,0) 

new 

where TL is the family of basic sets 12 C A. 

We proved in m that © holds in general for every nonuniformly hyperbolic systems and 
an special class of so called hyperbolic potentials. Actually we show that there are nonuniformly 
hyperbolic systems for which © does not hold for every continuous potential. This is the case 
if the dynamics has isolated hyperbolic orbits as is the case, for example for a diffeomorphism 
of the sphere having a horseshoe with internal tangencies and a repeller point at north pole, 
as we show in m- So proposition 11.21 is interesting since it gives a sufficient condition for the 
variational equation © to hold for every continuous function. 

If A is the support of a nonatomic hyperbolic measure then there exists a sequence of uniformly 
hyperbolic sets A„ C A such that A = |J,^ A„. This follows from [TT]. Notice however that this 
is not a sufficient condition for A to has a regular exhaustion, as Baladi et al example shows. 

Proposition 11.21 follows from the continuity of topological pressure P{f\A,cj)) with respect to 
A and the existence of an exhausting sequence A„. 

Definition 1.3. Let X be a compact metric space. We define the Hausdorff distance of compact 
subsets A,B(ZX as: 

dist//(A, B) — inf{e > 0 : A C B^, B C A^} 
where A,, := {x G X : dist(a:, A) < e} and dist(a:, A) = inf^g^ d{x, y). 

Let f ■. X ^ X he a. continuous selfmap of a compact metric space. The family I of compact 
/-invariant subsets is a compact metric space with the Hausdorff distance. 

Lemma 1.4. Let be continuous and f : X ^ X be a continuous selfmap of a compact metric 
space. Then H i-A- P{ f\Ll, </) is continuous when LI varies on the family of compact f -invariant 
subsets with P{f\Ll, </) < -|-oo. 

Proof. 

0 , e) = lim sup 

n—>-+130 


n 
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where 


= sup V 
E “1 


^Sn4>(x 


x^E 


infimun taken over the familiy of (e, n)-separated sets and Sn4>{Pj = 'EJk=o- Then, given 5 > 0, 
let 0 < e < (5 such that if d{x, y) < e then \(j){x) — 4>{y)\ < ^/2 and n > 0 such that 

expn(P(/|ri, (j), e/2) - 6/2) < P„(/, </>, e/2) < expn(P(/|n, </>, e/2) + 6/2). 

Let P C n be a maximal (e/2, n)-separated set. Then, C B{x,n,e/2). Choose y > 0 

sufficiently small such that d{x, y) < y implies d{f^{x), f^{y)) < e/2 for fc = 0, • • • , n — 1 and 
such that dist_f/(n, n') < y implies C B{x,n,e/2). For every x G E we choose x' G fl' 

such that d{x, x') < y and call F such set. Then C Urc'eF ^ 


^-nS/2 ^ gS„0(a:) ^ ^ gS„0(x') 


x^E 


x'^F 


< ^ gSn<j>{x)^ 

x^E 


Then, 


Q„(/|n',(/,e) = inf ^ < exp n(P(/|f2, </, e/2) + 5) 


xeF 


infimum taken over the family of (e, n)-spanning sets F C and thus 

4>, e) = limsup Qnif^ ^ P[f\Gl, (/>, e/2) + 6. 

n—)-+oo ^ 

Therefore, as P(/|n) = supg 5 ,o Q{f\fl, />, e) = sup^^Q P(/|n, </, e) we conclude that 

P(/|L!',/.) <P(/|L!,(/>) + 5. 

By symmetry on 12 and 12' we conclude that |P(/|12', (f>) — P(/|12, (j))\ < 6 for distij(12,12') < y. 


□ 


Proof of Proposition 1 2. ill Clearly, 


P(/|A,(/) > sup P(/|12,/>) 
new 

since P(/|A, 0) > P(/|12,(/)) for every compact /-invariant 12 C A. On the other hand, by 
hypothesis and results in m there exists an exhaustion of A by a sequence A„ C A of basic sets 
such that dist//(A„, A) —0+. Therefore, by the continuity of the pressure P(/|12,/>) respect to 
12 , 

P(/|A„,</))^P(/|A,</)), 

thus proving that 

P(/|A,/))= sup P(/|12,(^), 


nen 


where P is the family of basic sets in A. 


□ 


Proof of Theorem B. Let /\"^ TM he the (one dimensional) vector bundle of volume forms over 
M, and /y™ Df : TM —>■ /y™ TM the fiber map induced by the derivative Df : TM ^ TM. 

Then, by Oseledec theorem and Kingman’s subadditive ergodic theorem 


^ in ^ in 

$“(x) = lim-log| A P/"(a;)| = sup-log | A P/”(a:)| = - V dim P^^^) 

n^+oo n ' ' n>e n ' ^ 

Xi{x)>0 


/r-a.e. for every /-invariant Borel probability /i. 
Therefore, 


Kd) - X'^iT) = sup |/i(ai) - y i log I y P/"(x)|d^(ai)| , 
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where 

X! Xiix) dimEi{x)dfi{x). 

Xi(.x)>0 

Let (?!)“ = — log Jac(I?/|£’“), the induced volume deformation along unstable manifolds. Then 
by Theorem C 

(8) sup {h{fi) - x+(/r)} = sup P{m, $“) 

fj.eMf{A) new 

Indeed, 

sup {/i(/x)-x+(/r)} = 

/jeAJ/(A) 


On the other hand 

lim —(/)“(/"(x)) = <i)“(a:), fi — a.e. V G 

ra^+oo n 

by Oseledec’s theorem. Then, by Birkhoff’s theorem 

J (jP{x)d^{x) = J $“(x)d^(x) \/ € A4f {XI), 

since (jP\Xt is /x-summable for every /-invariant Borel probability /i G Adf(Xl). Therefore, for 
every basic set C A, 

P(/|fI,<i>“) = P(/|L!,0“)=p(I/n), 

by the thermodynamics of Axiom A systems. See [3J Proposition 4.8 (a)]. This and equation ([5]) 
proves @ and, therefore. Theorem B. □ 

2. When is regular a nonuniformly hyperbolic set? 

As we mentioned before Baladi et al. example shows that to be the support of nonatomic 
hyperbolic measure is not a sufficient condition for A to be regular. Indeed let C/q be the isolating 
neighborhood for Aq. Then C/q C [/ is contained properly into U, the isolating neighborhood of 
A and as long as Ai is made up finitely many hyperbolic fixed points into an array of saddle 
connections and A = closure (Aq) there is no chance to get a regular exhaustion of A. 

We would like to conclude this note by proposing a sufficient condition for A to be a regular 
nonuniformly hyperbolic set. But first we need some definitions. 

Definition 2.1. Let C M be a compact subset. We say that XI has a hyperbolic product 
structure if there exists two continuous laminations and of disks such that 
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(1) the disks and have a size uniformly bounded between positive constants 

a < /3; 

(2) d{f^{y), f^{y')) —>■ 0+ (resp. d{f~^{z), f~'^{z')) —0+) exponentially fast for every 

y, y' € (resp. z, z' G T^{x)), for every cc G fl; 

(3) and are invariant: if x G fl and /"(x) G fl then f^T^{x) C J'®(/"(x)) and 
r J-“(x) D T^irix)); 

(4) for every x,y G the disk J^®(x) intersects transversally J^‘^{y) at a unique point with 
an angle uniformly bounded from below by some constant 7 > 0 : 

(5) f2 = U-7"''nU-^“- 

See [ISl Definition 1]. 

Definition 2.2. Let /r be a hyperbolic measure and A = supp p. We say that p has a local 
hyperbolic product structure if there exists Borel positive functions a, /3,"f : A ^ (0,+oo) such 
that for every x G A there exists an open neighborhood Ux and a compact set n G Ux with 
/i(f2) > 0 having a hyperbolic product structure with constants a(x),/?(x), 7 (x). 


Conjecture Let A be an isolated nonuniformly hyperbolic set of a diffeomorphism. Sup¬ 

pose that A is the support a hyperbolic measure p with positive entropy and local hyperbolic product 
structure. Then A is regular. 

All the known systems satisfying Eckmann-Ruelle’s conjecture have local hyperbolic product 
structure. 
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